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Monte Carlo simulations for a Cu2+ ion in infinitely dilute aqueous solution were performed on 
the basis of a simple pair potential function leading to a first-shell coordination number of 8, in 
contrast to experimental data. A simple method was introduced therefore, which allows the direct 
construction of a pair potential containing the most relevant 3-body interactions by means of a 
correction for the nearest neighbour ligands in the ion's first hydration shell. This procedure leads 
to much improved results, without significant increase in computational effort during potential 
construction and simulation.

1. Introduction

Although the importance of 3-body terms for the 
accurate description of intermolecular interactions in 
condensed systems is well-known [1-5], most of 
Monte Carlo and molecular dynamics simulations of 
aqueous salt solutions have been performed assuming 
additivity of pair potentials [6-11]. For monovalent 
and some divalent metal ions, most of the structural 
data obtained appeared to be correct, except for minor 
deviations from experimental structural details [6, 9, 
12]. When, however, water is strongly bound to diva­
lent ions at comparatively short distances, the neglected 
3-body terms become significant enough to alter cru­
cial structural data such as the first-shell coordination 
number. For example, inclusion of 3-body effects was 
needed to correct the hydration number 6 as predicted 
for Be2+ by the pair potential function, to 4 [5].

Simulations of aqueous solutions of some transition 
metal ions as Ni2+ [13] or Fe2+ [14] also produced 
overestimated coordination numbers. For Cu2 + , ab 
initio studies of successive hydration [15, 16] led to the 
conclusion that 3-body or even higher-order terms 
should be of major importance to describe this ion in 
solution correctly. In our work, we therefore per­
formed a simulation for Cu2 + in water first on the 
basis of an improved conventional pair potential.
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When it became clear that pairwise addition of inter­
actions leads to wrong structural data, we investigated 
a simple way to construct a potential function taking 
into account at least the main contributions of 3-body 
effects by a "nearest-neighbour-ligand correction".

2. Monte Carlo Simulation with Conventional 
Pair Potential

2.1. The Pair Potential

After some initial MC simulations, using a recently 
developed pair potential function for Cu2+/H20  [17], 
it became clear, that the ECP-DZP basis set [18] used 
for the evaluation of the corresponding energy surface 
allowed too large charge-transfer effects and gave par­
tially erroneous energies at larger ion-water distances, 
leading to artifacts in the simulation. Therefore, new 
ab initio calculations for the energy surface were per­
formed using the modified basis set for Cu from [19]. 
For water, the same ECP-DZP basis set [20, 21] as in 
[17] was used again, but polarization functions on 
hydrogen were removed. A total of 510 energy surface 
points were evaluated and fitted to a functional of the 
form

AE = £  + Ai r ~3+ A2r~4+ A2 exp(A4r),
i r

i: atoms in H20 , r: Cu2+- 0  distance,

using the same method as in [17]. The global mini­
mum of the potential surface was found to be —83.4
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Table 1. Final optimized parameters for the conventional 
pair potential.

Atom <7.
(a.u.)

■4,
(Ä + 3 kcal/ 
mole)

(Ä" 4 kcal/ 
mole)

(kcal/mole) (A"')

O 
H

-0.742 
+ 0.371

523.62 
-100.42

-2128.0 
122.38

106840.0 
564.59

-3.8096 
-2.1576

kcal/mole at a Cu2+- 0  distance of 1.92 Ä in dipole- 
oriented C2v geometry. The final parameters of the 
function are given in Table 1. The standard deviation 
of the fitted function values from SCF calculated data 
was 3.7%.

2.2 Monte Carlo Simulation

A Monte Carlo simulation was carried out with this 
potential function, for infinitely dilute solution condi­
tions represented by lC u2+ ion and 200 water 
molecules in the periodic box, at a temperature of 
20.0 C. The Metropolis algorithm [22] was applied. 
For water-water interaction, the MCY [23] potential 
was used. Fhe edge length D of the box was 18.143 Ä, 
corresponding to the density of pure water, and a 
spherical cut-off for experimental terms of D/2 was 
employed. Fhe starting configuration was obtained by 
random generation. After 1 million configurations, the 
system had reached energetic equilibrium, and a fur­
ther million configurations were generated for the 
evaluation of radial distribution functions and other 
statistical data.

3. Results

The radial distribution functions (RDF) gaß{r) for 
copper-oxygen and copper-hydrogen are shown in 
Fig. 1, together with the corresponding running inte­
gration numbers. In the Cu2+- 0  RDF, the first peak 
is centered at 2.10 Ä, 0.18 Ä beyond the minimum of 
the SCF Cu2 +-water potential. Clearly separated, a 
second hydration sphere appears in the region be­
tween 3.4 and 5.0 Ä. Fhe average coordination num­
ber for the first hydration shell results as 8, in contrast 
to the value 6 expected from experimental data [24], 
Fhis overestimation was not very surprising, consider­
ing the copper/water stabilization energy of — 83 kcal/ 
mole, the shape of the energy surface of this system 
and the investigations concerning non-additivity of

Fig. 1. Copper-oxygen and copper-hydrogen radial distribu­
tion functions gjß(r) and running integration numbers nxß 
obtained by pair potential.

ion-ligand interactions in Cu2 + (H20)„ based on ab 
initio calculations [15, 16, 25]. Water-water repulsion 
alone is apparently not sufficient to prevent accumula­
tion of a larger number of water molecules in the first 
hydration sphere of Cu2+ ion, even at the price of a 
moderate enlargement of the Cu2 + O distance. It was 
obvious, therefore, that 3-body effects had to be taken 
into account for further simulation work.

Fhe second hydration shell contains about 16 water 
molecules. Sincc this value should strongly depend on 
the structure of the first hydration sphere, it should 
also not be considered too reliable.

Evaluation of a potential function taking into 
account 3-body effects exactly implies -  besides the 
evaluation of the "conventional" pair potential func­
tion -  the performance of a large number of SCF 
calculations on H20  - Cu2+ - H20and  H20 - H 20  
with wide variations of distances and angles, followed 
by a fitting of these data to a separate correction func­
tion. Although the first part of these efforts had already 
been performed (i.e. the pair potential evaluation), it 
seemed worthwhile to investigate the possibility of a 
different approach, allowing to obtain an improved 
ion-ligand function in one step by a less computer- 
intensive way. Such a function should also fulfill the 
requirements not to increase significantly the time 
needed for energy computations during statistical simu­
lations. Fhese considerations were finally realized in a 
correction algorithm outlined in the following Sec­
tion 4.
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4. Nearest Neighbour Ligand Correction

4.1. Principles

(a) Instead of SCF calculations on a metal ion/water 
energy surface, points are evaluated for the energy sur­
face of a water molecule in the field of a fixed M2+-H 20  
system, where the water molecule attached to the 
metal ion is kept at the equilibrium distance evaluated 
for the M2 + (H20)„ cluster in ab initio calculations 
(2.0 Ä for Cu2 + , dipole-oriented C2v geometry). The 
Cu2+- 0  distance of the second water molecule and 
its orientation are varied. Different directions of ap­
proach are chosen to ensure a wide enough spectrum 
of O/Cu/O angle variation from 180° to 30°.

(b) Fitting of the resulting SCF interaction energies 
is performed to a potential function of the type

r
+ A3 exp (A4 r) + NNLC, 

NNLC = X (C L-r)2A5 exp(A6R),
JV

r: Cu2+- 0  distance, R: O -O  distance, 
NNLC: Nearest Neighbour Ligand Correction, 
i: atoms in H20,
N: number of neighbour ligands within a 

selected spherical area.

The first part of this function is identical to the form 
of the conventional pair potential previously used for 
Cu2+- H 20. The second term (NNLC) corresponds 
to a "Nearest Neighbour Ligand Correction" and is 
related to the distance of the oxygens of the fixed 
water in Cu2+- H 20  and the moved water molecule. 
N is the number of nearest neighbour ligands deter­
mined by a search algorithm in the simulation which 
evaluates number and position of other water mole­
cules fulfilling the condition 2.0 Ä<RCu_0 <2.2 Ä. 
These narrow limits around the peak of the first- 
hydration-shell obtained by the pair potential have to 
be set, as the fitted function will be applicable only 
when the second water molecule is located at, or near 
the distance it had in the SCF calculations.

The cut-off limit CL allows to invoke the NNL 
correction during the simulation only if an ion-water 
energy is evaluated for an ion-oxygen distance below 
this limit, and hence strongly reduces the computa­
tional effort. The factor (CL — r)2 guarantees that the 
potential function is steady at the point of the cut-off 
limit. The choice of CL is made within the fitting
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water potential.

procedure as to lead to the smallest standard devia­
tion.

Figure 2 illustrates the use of the NNL correction 
during a simulation. The large sphere indicates the 
area where the correction is effective for the water 
molecule whose interaction with the central ion is 
under consideration. The two inner sphere limits 
mark the area where nearest neighbour ligands are 
searched and included in the correction of the interac­
tion energy.

At this point, a principle error inherent to the pres­
ent correction algorithm should be mentioned: a pair 
potential derived this way automatically takes into 
account the repulsion of 2 water ligands; in the simu­
lation, this water-water repulsion is included once 
more via the water-water pair potential. In principle, 
the latter contribution should be subtracted therefore. 
Omission of this step seems to be acceptable, however, 
as the NNL correction function contributes very little 
when the O/Cu/O angle is large (i.e. large R00), so 
that the strong ligand-ligand repulsion for this config­
uration with opposite ligand dipole moments is taken 
into account correctly by the water-water potential. 
On the other hand, when the O/Cu/O angle becomes 
smaller (<90"), a smaller contribution arises from the 
water-water term (partially H-bond stabilized confor­
mations), whereas the NNL correction energy be­
comes large. Thus the resulting values seem to be 
sufficiently accurate for the purposes of the simula­
tion.
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Fig. 3. Geometrical variations in SCF calculations on the 
Cu2 + • • • H 20  • • • H 20  energy surface.

Fig. 4. Dependence of stabilization energy and location of 
local minima on the angle H,0-Cu2+-H ,0. * 45°; • 60°; 
■ 30°; a 120c; x 180c.

4.2. Corrected Pair Potential

A total of 287 points of the energy surface were 
calculated using the same basis set as before, by the 
LCAO-MO-UHF method. Variations of position and 
orientation of the water molecule followed the previ­
ously outlined procedure (Cu2+- 0  distance varying 
from 1.3 to 8.0 Ä. O/Cu/O angle from 30° to 180°, as 
illustrated in Figure 3).

Fhe global minimum of the potential surface was 
found to be —76.6 kcal/mole at a Cu2+- 0  distance of 
1.90 Ä and O/Cu/O angle of 180°. In Fig. 4, the de­
pendence of stabilization energy and location of local 
minima on the angle between the two water molecules 
is illustrated. Fhis figure clearly demonstrates that

Table 2. Final optimized parameters for the corrected pair 
potential.

Atom q(
(a.u.)

-4.
(Ä + 3 kcal/ 
mole)

(Ä+4 kcal/ 
mole)

(kcal/mole)
A,
(A ~l)

O -0.742 
H +0.371

1345.49 
-724.32

-3374.29 
611.877

160739.47 
987.0948

— 4.0515
— 1.5334

for NNLC: •4s
(kcal/mole) At  . (A'1)

597.2487 -1.8424

angles around and below 90° induce considerable 
changes in the shape of the potential function.

The best fitting results to the functional form given 
above resulted for a cut- off limit CL = 4.0 Ä. In Fig. 5, 
the SCF energies obtained from quantum chemical 
calculations (AESCF) are plotted versus those obtained 
by this function (zl£FIT), with its final parameters given 
in Table 2.

The optimized function parameters were tested by 
the Beveridge procedure [26], and constant standard 
deviations were obtained. Investigation of the be­
haviour of the potential function without adding the 
NNL correction showed that the shape of the function 
for various approaches of a water molecule to the 
metal ion is very similar to that obtained with the 
conventional pair potential, with minor flattenings in 
the short-range area.

5. Monte Carlo Simulation with Corrected 
Pair Potential

The same system of 1Cu2+/200 H20  was simu­
lated under conditions identical to those in Section 2, 
but with the new potential function including the 
NNF correction term. The limits for the spherical 
section where nearest neighbour ligands were con­
sidered was confined to 2.0-2.2 Ä, for reasons men­
tioned above and as a result of an extended variation 
of these parameters in the Zn2+/H 20  system [27], 
After equilibration (1 million configurations) sampling 
from further 2 million configurations was performed. 
The average number of "nearest neighbour ligands" 
found within the selected limits was 0.71, correspond­
ing to an average energy correction term of 6.1 kcal/ 
mole.
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Fig. 5. Comparison of the stabilization 
energies from ab initio calculations 
(zIEscf), and fitted energies (zl£F[T) with 
the final fitting parameters given in 
Table 2.
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Fig. 6. Copper-oxygen and copper-hydrogen radial distribu­
tion functions glß(r) and running integration numbers nxß 
obtained by corrected pair potential.

The same radial distribution functions gxß(r) as be­
fore, including their integration, are displayed in Fig­
ure 6. In Table 3 some of the characteristic values for 
these RDFs are listed. The most important change 
observed is the average coordination number of six for 
the first hydration shell of Cu2 + , which agrees with 
experimental findings [24] and theoretical predictions

Table 3. Characteristic values for the radial distribution func­
tions gxß(r)d obtained by the corrected pair potential.

a ß rmi 1 rM2 rm2 naß(rm2)

Cu o 1.95 2.25 6.0 3.90 5.55 25.0
Cu H 2.65 3.00 12.3 4.65 5.75 48.0
O O 2.85 3.55 5.8 4.25 5.50 17.0
o H 1.95 2.55 2.0 3.35 4.80 27.9

a rM, and rmi are the distances in Ä for the ith maxima and 
minima of gxß(r), respectively. - nafl(rml) and nxß(rm2) are 
the average coordination numbers for the first and second 
hydration shell, respectively.

[15, 25]. The first Cu-O  peak is centered at 1.95 Ä, 
almost coinciding with the experimental value for the 
equatorial Cu-O  distance obtained by X-ray diffrac­
tion studies of aqueous solutions of CuS04 (1.94 Ä) 
[24], The difference between this value and the loca­
tion of the global minimum in the potential function 
is also much less pronounced than in the simulation 
with conventional pair potential. The peak is extremely 
sharp (and accordingly high), virtually all water mole­
cules are located within 0.4 Ä distance variation. The 
first Cu2+-H  peak appears at 2.65 Ä containing all 
12 hydrogens belonging to the 6 oxygens found in the 
first peak of gCu0(r). The distance between this peak 
and the first Cu-O  peak confirms dipole orientation 
for all water molecules of the first hydration shell.
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Analysis of coordination number distribution in 
this first hydration shell revealed exclusivity of the 
coordination number 6.

The second hydration shell is much less well- 
defined, and its limit more difficult to determine than 
in the simulation with conventional pair potential. It 
contains about 25 water molecules, if integration is 
performed up to the value of rmi = 5.5 Ä. If the value of 
rmi is taken at 4.25 or 4.50 Ä (where small local min­
ima appear), 9 or 12 water molecules are found, re­
spectively.

6. Conclusions

The nearest-neighbour-ligand correction method 
presented and applied in this work appears as a simple 
and economic tool for the development of a pair 
potential function for ion-ligand systems, where at 
least an approximate consideration of 3-body contri­
butions is needed for obtaining correct structural data 
in statistical simulations of the condensed phase.

Besides the advantage to obtain a potential func­
tion from one single series of SCF calculations fol­
lowed by a simultaneous fitting procedure for pair 
potential and correction term, its demand in comput­

ing time during the simulation is only marginal (0.1% 
of total time in the present case, and 0.3% in the case 
of a 1 M ZnCl2 solution [27]). Fhese advantages might 
compensate for the inevitable loss of accuracy com­
pared to a full, exact consideration of 3-body contri­
butions.

Fhe results obtained by this method for a copper 
ion in water are in full agreement with experimental 
data for the first hydration shell of this ion. Fhis fact 
also appears to favour the idea that inclusion of 3-body 
terms guarantees a satisfactory description of the 
hydrated copper ion's structure, as suggested by 
Cordeiro [15], in contrast to Curtiss, who assumed a 
slow convergence of n-body contributions and thus 
significant influence of higher terms [16]. For a final 
decision in this matter and control of the method 
presented here, further simulations of copper salt solu­
tions and comparison with exact 3-body corrections 
will be performed.
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